0. Introduction 0.1. The study of cocycles of dynamical systems is an important trend in modern ergodic theory. Cocycles retain essential information about the dynamical system as group representations do about group structure. They have numerous and diverse applications. So, cocycles arise naturally when studying extensions of ergodic group actions and equivalence relations [FSZ] , [Z] , in the representation theory, etc. [M1] , [K] , [G] . And one of the most important aspects explaining a vigorous interest in cocycles is G. Mackey's construction of a group action associated with cocycles [M2] which generalizes the well known notion of a flow built under function.
0.2.
Let α be a cocycle of an ergodic dynamical system (X, µ, Γ) with values in a locally compact second countable Abelian group G. We say that an element θ of the normalizer N [Γ] of the full group [Γ] is compatible with α if the cocycle α • θ is cohomologous to α (this implies that α can be extended to the group Γ θ generated by Γ and θ as a cocycle with values in an extension of G) In the paper the topological and algebraic structures of D (Γ, α) are studied. It is proved that D(Γ, α) is a Polish group with respect to some metric d α which is determined explicitly. The group of approximately inner automorphisms, i.e. the closure of [Γ] in d α , is described. The continuous α-fundamental homomorphism from D (Γ, α) into the centralizer C(W α ) of the action W α (G) (G) when α is transient. Moreover, we obtain a simple complete system of invariants for the α-outer conjugacy of automorphisms compatible with α, i.e. the conjugacy of their projections in D(Γ, α)/ [Γ] . Notice that this equivalence relation is a natural generalization of the classical outer conjugacy in N [Γ] . However, as it turns out the above system contains an invariant that has no analogy in the classical case (see § 1.4 and Theorems 3.1 and 5.8). Thus, one more problem of the "relative" classification is solved: the classification of automorphisms with respect to an amenable equivalence relation and a cocycle defined on it. In addition we consider a problem of the "converse sort". Namely, given an abstract group D,
what can be said about the cocycles α with D(Γ, α) = D?
We solve only a particular case of this extremely hard problem: the complete weak classification of cocycles α of the Radon-Nikodym type is obtained, i.e. with D(Γ, α) = N [Γ] , and their structure is described in a transparent way.
When α is a coboundary the above results are well known [CK] , [BG1] , [H] , [HO] . But in the general case (for an arbitrary α) one encounters certain new problems such as the possible nondivisibility of G (this fact puts an obstacle for the extension of a cocycle to outer periodic automorphisms). Moreover, transient cocycles exist, the extension of a cocycle to an automorphism compatible with it is not unique, etc.
The theory developed in this work turned out to be a useful tool in the paper [GS2] devoted to classification of cocycles of amenable equivalence relations, and in [GD] where the joint actions of two ergodic actions of an Abelian group were studied.
0.3.
The outline of the paper is as follows. Section 1 contains some background in the ergodic theory. The basic concepts of the present paper are also formulated here. Section 2 is devoted to the study of some topological properties of D (Γ, α) and introduces the α-fundamental homomorphism. In Section 3 regular cocycles are considered. We describe the group of approximately inner automorphisms, structure of automorphisms compatible with α and find simple necessary and sufficient conditions for two automorphisms compatible with α to be α-outer conjugate. The same problems are solved for nonregular cocycles when the actions associated them are free (Section 4) and nonfree (Section 5). And in the last section we study structure of cocycles which satisfy the property D(Γ, α) = N [Γ] and prove the results announced in [Da2] .
We thank the referee for valuable comments.
1.2.
Let G be a locally compact second countable (l.c.s.c.) group. A measurable map α : X ×Γ → G is said to be a cocycle of the dynamical system (d.s.) (X, B, µ, Γ) with values in G if α(x, γ 1 γ 2 ) = α(γ 2 x, γ 1 )α(x, γ 2 ) for all γ i ∈ Γ at a.e. x ∈ X. The set of all cocycles will be denoted by Z 1 (X × Γ, G). It is easy to extend α to [Γ] . Two cocycles α and β are said to be cohomologous if β (x, γ) 
for some measurable function φ : X → G and all γ ∈ Γ at a.e. x. By a coboundary we mean a cocycle which is cohomologous to the trivial one.
Let us consider two d.s. G) , i = 1, 2. Two pairs (Γ 1 , α 1 ) and (Γ 2 , α 2 ) are said to be weakly equivalent if there is an isomorphism φ :
]φ and the cocycles φ • α 1 and α 2 are cohomologous. The cocycle φ • α 1 is defined as follows:
The pair (Γ,α) is called the countable extension of (Γ, α). We say that (Γ 1 , α 1 ) and (Γ 2 , α 2 ) are stably weak equivalent if their countable extensions are weakly equivalent.
Let µ G be a left Haar measure for G. Then one can define the actions V of G and V α of Γ on (X × G, µ × µ G ) as follows:
γ ∈ Γ, it follows that V induces a new action of G on the space (Ω, ν) of V α -ergodic components. We call it the action associated with (Γ, α) or the Mackey action and denote by W α . If Γ is of type III, then we shall consider the "double" cocycle α 0 = (α, ρ) ∈ Z 1 (X × Γ, G × R) as well as α, where ρ is the Radon-Nikodym cocycle, i.e. ρ(x, γ) = log dµ•γ dµ (x). Let G be an Abelian group andḠ the one-point compactification of G. An element g ∈Ḡ is called an essential value of α if for every set B ∈ B, µ(B) > 0, and each neighborhood U of g inḠ there exist a subset B 1 ⊂ B, µ(B 1 ) > 0, and an automorphism γ ∈ Γ such that γB 1 ⊂ B and α(x, γ) ∈ U for a.e. x ∈ B 1 . Bȳ r(Γ, α) we denote the set of all essential values of α. Let r(Γ, α) =r(Γ, α) ∩ G. The set r(Γ, α) is a closed subgroup in G and is invariant (as well asr(Γ, α)) under the stably weak equivalence. Definition 1.1. An automorphism θ ∈ N [Γ] is called compatible with α (or admissible for α [BGD] ) if α and θ −1 • α are cohomologous, i.e. there is a measurable function ϕ : X → G such that
By α(θ) we denote the set of all functions ϕ satisfying (1) and by D(Γ, α) the set of all automorphisms compatible with α.
a sequence of rationally independent irrational numbers, G an Abelian l.c.s.c. group and
a countable dense subgroup of G. Let us consider automorphisms γ j and θ jp on (X, µ): γ j x = x + t j (mod 1), θ jp x = x + t j p −1 (mod 1). By Γ we denote the group generated by γ j , j ∈ N. Obviously, γ 0 , θ jp ∈ N [Γ] for all j, p ∈ N. We define the cocycle α by setting α(x, γ j ) = g j , j ∈ N. It is easy to see that γ 0 and θ jp are compatible with α, and p(γ 0 ) = 0, p(θ jp ) = p.
, where X i = {0, 1} and µ i (0) = µ i (1) = 2 −1 . An Abelian measure preserving group Γ is generated by the automorphisms γ j , j ∈ N, given by (γ j x) i = x i + δ ij (mod 2) for every sequence x of 0's and 1's. A cocycle α of the d.s. (X, µ, Γ) with values in Z is determined as follows: α(x, γ j ) = (−1) xj j. We define the automorphism θ by setting (θx
If θ is compatible with α and ϕ ∈ α(θ), then it follows from (1) that ϕ(x) − ϕ(γ j x) = (−1) xj 2j for all j ∈ N at a.e. x. Take a number N such that µ({x ∈ X | |ϕ(x)| < N}) > 2 −1 . Then for every j ∈ N we have |ϕ(x) − ϕ(γ j x)| < 2N on some set of positive measure, a contradiction. So, θ is not compatible with α. We have established also that α is not a coboundary.
Let H be a central closed subgroup of G and α(x, γ) ∈ H for all γ ∈ Γ at a.e. x. Then we consider the cocycle
Proof. Let θ ∈ D(Γ, α) and ϕ ∈ α(θ). Since ϕ(γx)ϕ(x) −1 ∈ H for all γ ∈ Γ at a.e. x and Γ is ergodic, we have ϕ(x) = gψ(x) at a.e. x for some function ψ : X → H and some element g ∈ G.
Definition 1.5. Two α-compatible automorphisms θ 1 and θ 2 are said to be α-outer conjugate if there exist automorphisms ζ ∈ D(Γ, α) and t ∈ [Γ] such that
Obviously, the α-outer conjugacy is an equivalence relation on D (Γ, α) .
1.3. Below in this paper we assume that G is an Abelian group. Then for every two functions ϕ, ψ from α(θ) there exists an element g ∈ G such that ϕ(x) − ψ(x) = g for a.e. x, i.e. (1) determines ϕ up to an additive constant. Therefore, (G) . We call it the α-fundamental homomorphism.
Let W α0 be the action of G × R associated with (Γ, α 0 ) on the space (Ω 0 , ν 0 ).
is commutative. If θ ∈ D(Γ, α), one can extend α to a cocycle of the group Γ θ generated by Γ and θ and whose values are in an extension of G. Let ϕ ∈ α(θ). We separately consider two cases.
1. θ is outer aperiodic, i.e. p(θ) = 0 (see § 1.2). Set
where the right-hand side belongs to
Notice that if another function ψ belongs to α(θ) then ϕ(x)−ψ(x) = pg 1 at a.e. x for some g 1 ∈ G. The Cartesian product G ×{0, 1, . . . , p−1} is an Abelian l.c.s.c. group if one introduces addition as
where the sign+ means addition mod p and [.] the integer part. We denote this group by G(g, p) . Then G is contained in G(g, p) as a closed subgroup of all elements of the form (g, 0) . G(g, p) ).
Remark 1.6. In the case (i) (or (ii) if g = pg 1 for some g 1 ∈ G), one can define an extension α
. But the extensionα is more useful to study the α-outer conjugacy (see Lemma 3.2 below).
It is easy to check that if two α-compatible automorphisms θ 1 and θ 2 are α-outer conjugate, then g(θ 1 , ϕ 1 ) = g(θ 2 , ϕ 2 ) for some functions ϕ i ∈ α(θ i ) (if p(θ) = 0 we put g(θ, ϕ) = 0). In Example 1.2, g(θ jp , ϕ) = g j for ϕ = 0 and every j ∈ N.
Topology on D(Γ, α)
Throughout this section we assume that µ(X) = 1 and τ is a bounded invariant metric on G compatible with the l.c.s.c. topology. A sequence {φ n } ∞ n=1 of measurable functions φ n : X → G is said to converge in measure to a measurable function
2 x}), and d w a metric being compatible with the weak topology on Aut(X, µ). If we enumerate elements of Γ as
is a distance on N [Γ] giving a Polish topology. It is clear that this topology is stronger than the weak one. Now we define the α-topology on D(Γ, α) via the α-convergence as follows. Definition 2.1. A sequence {θ n } ∞ n=1 of α-compatible automorphisms is said to α-converge to an automorphism θ ∈ D(Γ, α) if there are functions φ n ∈ α(θ n ), n ∈ N, and φ ∈ α(θ) such that {φ n } ∞ n=1 converges in measure to φ and {θ n } ∞ n=1 converges to θ in the metric d. Proof. By M (X, G) we denote the space of all measurable maps from X to G. The metric λ given by
determines the topology of convergence in measure on M (X, G). Let us prove that the subset
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as n → ∞ for a.e. x. We shall assume below for simplicity's sake that Γ is a.f. (for non a.f. groups the proof can be slightly changed in an obvious way). Denote by T an ergodic transformation with
as n → ∞. By the diagonal process one can choose a subsequence
as j → ∞ for a.e. x. Hence, there exists lim j→∞ τ k (θ nj x) = τ k (θx) at a.e. x for every k ∈ N. We deduce from this that
Without loss of generality, one can assume that ∞ j=1 µ(A j ) < ∞. Then, it follows from the Borel-Cantelli lemma that α(x, γ j ) → α(x, γ) and I 1 j → 0 as j → ∞ for a.e. x. Therefore, using (5), we pass to a limit in (4) as n j → ∞:
is compatible withd α . Thus, the theorem is proved.
Proof. Let {θ n } ∞ n=1 and {ζ n } ∞ n=1 be two sequences of α-compatible automorphisms converging to some θ and ζ from D(Γ, α) respectively. Let us choose functions Proof. Suppose {θ n } ∞ n=1 weakly converges to an automorphism θ ∈ D(Γ, α), but the conclusion of the lemma is not valid. Then there are a real number ε > 0 and a sequence of measurable subsets
Since the absolute value of the second term in (6) is less than
and {θ n } ∞ n=1 weakly converges to θ, one can pass to the limit in (6):
Let us return to the proof of Theorem 2.3. For every positive integer n
Now apply Lemma 2.4 to deduce that
It is easy to see that the other two terms on the right-hand side of (7) The proof is obvious.
This statement is similar to Theorem 4 from [H] , where the Radon-Nikodym cocycle was considered. Therefore we state it here without proof.
Automorphisms compatible with regular cocycles
In this section we assume that Γ is a.f. A cocycle α ∈ Z 1 (X × Γ, G) is called regular if the Mackey action W α of G is transitive [S] , [BG3] . Then the stabilizer of W α is equal to r(Γ, α) (see § 1).
Theorem 3.1. Let a cocycle α be such that the "double" cocycle α 0 = (α, ρ) is regular. Then two α-compatible automorphisms θ 1 and θ 2 are outer conjugate iff
Proof. It follows directly from Definition 1.5 that the above conditions are necessary for the α-outer conjugacy. So, we have to prove their sufficiency.
It is easy to see that the cocycles (α i ) 0 = (α i , ρ) are regular and
. It is known that the groups Γ θi are a.f., i = 1, 2 [CFW] . Therefore, (Γ θ1 ,α 1 ) and (Γ θ2 ,α 2 ) are weakly equivalent [BG3] , [GS1] . To complete the proof we need only to apply the following lemma.
Lemma 3.2. Let θ 1 and θ 2 be compatible with a (not necessary regular) cocycle α,
and (Γ θ2 ,α 2 ) are weakly equivalent, then θ 1 and θ 2 are α-outer conjugate.
Proof. Let p = p(θ i ) > 0 (if p = 0, the proof is similar). Then there exist an automorphism ζ of (X, µ) and a function ψ :
for every γ 2 ∈ Γ θ2 at a.e. x. We assume that ψ(x) = (ψ 1 (x), 0) for some function ψ 1 : X → G. This can be obtained by left multiplying ζ with a certain automorphism t ∈ [Γ θ2 ] (see Lemma 2.2 from [BG2] ). Let us substitute automorphisms γ ∈ Γ and then θ 2 in (8). We have: D(Γ, α) . This proves the lemma. If α 0 is regular then α and ρ are also regular. The converse statement is not true [BG3] . If Γ is of type III and ρ is a regular cocycle, then r(Γ, ρ) is equal to {n · log λ | n ∈ Z} for some 0 < λ < 1 or to R. Then Γ is said to be of type III λ or III 1 respectively. If ρ is not regular, Γ is said to be of type III 0 . Let p ∈ Z + . In [Da1] a pair (Γ, α) is constructed in such a way that α 0 is regular and there exists an uncountable family of α-compatible automorphisms which are pairwise not α-outer conjugate. Moreover, Γ is of type III 1 and the outer period of every element from the family is equal to p. Hence, these automorphisms are pairwise outer conjugate.
Our purpose now is to describe the group of approximately inner automorphisms Cl dα ([Γ]), i.e. the d α -closure of [Γ] . By H we denote the projection of H 0 = r(Γ, α 0 ) ⊂ G × R to R. First, we formulate an auxiliary lemma. Its proof for a type II 1 group Γ is given in Example 1.2. A similar argument proves the lemma in the general case (see [Da1] ). G) , and an auto-
takes its values in a countable dense subgroup of H 0 and we have
(α 1 ) 0 (x, Q) = 0 for some ergodic automorphism Q ∈ [Γ 1 ], (iii) p(θ 1 ) = p(θ), g(θ 1 , ϕ 1 ) = g(θ, ϕ), and Ψ (α1)0 (θ 1 , (ϕ 1 ) 0 ) = Ψ α0 (θ, ϕ 0 ) for some functions ϕ ∈ α(θ) and ϕ 1 ∈ α(θ 1 ), (iv) the class α 1 (θ 1 ) consists of constant a.
e. functions and we have
Proof. We put L = G × Cl (H) . Let θ be a α-compatible automorphism and 
and an atom c ∈ P(ξ 1 × · · · × ξ n ) we have (α 1 ) 0 (x, γ) = const at a.e. x ∈ X 1 . Since θ 1 and Q preserve µ 1 (see Lemma 3.3(ii) and (v)), we have that for every n ∈ N there exists an automorphism q n ∈ [Q] such that θ 1 A n (i n ) = q n A n (i n ) [Kr] , [HO] . Put
. By virtue of Theorem 2.4, θ is an approximately inner automorphism. So,
Theorem 2.8 implies the converse inclusion. Let Γ be of type II, θ ∈ N [Γ], and λ be a Γ-invariant µ-equivalent measure. Then one has log dλ•θ dλ (x) = mod θ at a.e. x for some positive number mod θ [CK] , [HO] . Hence, if Γ is of
Since α 0 is regular, we see that Γ is not of type III 0 and the map τ 0 in diagram (2) is onto. By virtue of the results from [BG1] , [HO] , [H] the theorem is completely proved. Proof. We shall only consider the case of continuous group G. If G is discrete, the proof is clear. It is convenient to apply the theory of measurable equivalence relations (measurable groupoids) [M2] , [R1] , [R2] , [FHM] . Let H be a measurable equivalence relation generated by W α and F be the transitive equivalence relation on the circle T. By E we denote a full lacunar countable section for W α and by ν E the projection of ν on E along W α -orbits [FHM] , [R2] . Since E is lacunar, there is a discrete equivalence relation R on it and, hence, a countable group Σ of automorphisms on (E, ν E ) generating R [FM] . The map π E (ω, W α (g)ω) = g is called the return homomorphism on E. An automorphism of H corresponding to ζ will be also denoted by ζ. It is known that the Cartesian product R × F is isomorphic to H [FHM, Theorem 6.4 ]. Therefore we shall identify them. Then there exist an inner automorphism τ of H (i.e. ω and τω are W α (G)-equivalent for a.e. ω) and an automorphism ϑ of R such that
for all (ω, υ) from some inessential reduction of H. Hence there defines an element t 0 ∈ T such that (10) is valid for a.e. (ω, υ) ∈ R × {(t 0 , t 0 )}. It follows from (9) that ϑ is compatible with π E , i.e. π E and ϑ • π E are cohomologous. Theorem 7.4 from [FHM] implies that (Γ, α) and (Σ, π E ) are stably weak equivalent. Therefore ϑ corresponds to a α-compatible automorphism θ. A calculation implies Φ α (θ) = ζW α (G) . 
Corollary 4.4. If Γ is of type II, θ ∈ D(Γ, α), ϕ ∈ α(θ), and mod
The next statement follows straightforwardly from Theorem 4.1 and Corollary 4.3.
Theorem 4.5. Let Γ not be of type II 1 . Two α-compatible automorphisms θ 1 and θ 2 are α-outer conjugate iff there exists an automorphism ζ ∈ C(W α ) such that
Note that (11) implies p(θ 1 ) = p(θ 2 ) and g(θ 1 , ϕ 1 ) = g(θ 2 , ϕ 2 ).
Definition 4.6. An ergodic action V of G on (X, µ) is called w-rigid if the set V (G) is weakly closed in Aut(X, µ).

Proposition 4.7. If the action
The proof is obvious.
Example 4.8. Let T be an ergodic automorphism on (X, µ) such that C(T ) = {T n | n ∈ Z} (see, for example, [O] ). Set α(x, T n ) = n for all x ∈ X, n ∈ N. It is easy to see that the cocycle α ∈ Z
(X × [T ], Z) is transient. Since the centralizer of W α is trivial, the action W α is w-rigid. Therefore D(T, α) = [T], i.e. each automorphism compatible with α is inner. Note that only transient cocycles can satisfy this property.
Remark 4.9. Since the commutativity of G is used nowhere in Theorem 4.1, all statements of § 4.1 can be easily reformulated for non-Abelian G.
4.2.
Throughout this section (if the contrary is not stated explicitly) we assume that Γ is an a.f. type II ∞ group, α is a nonregular recurrent cocycle, and W α is free. Replacing if it is necessary (Γ, α) by a weakly equivalent pair we can assume that [BG3] : A1) (X, µ) = (Z × Y, κ × λ) for some Lebesgue spaces (Z, κ) and (Y, λ); A2) Γ is generated by two automorphisms S 0 and Q 0 :
where S is an ergodic type II ∞ automorphism of (Y, λ), λ is a S-invariant measure, Q is an ergodic automorphism of (Z, κ) , and Z z → U z is a measurable field of transformations on (Y, λ) such that U z ∈ N [S] for a.e. z ∈ Z. A3) α is determined on the generators of Γ by:
Moreover, since all ergodic type II ∞ automorphisms are orbitally equivalent, we can assume that A4) (Y, λ) = (Y 1 ×R, λ 1 ×σ) and S(y 1 , t) = (T y 1 , t+ρ(y 1 , T )), where T is an ergodic type III 1 automorphism of (Y 1 , λ 1 ), and σ is the measure on R determined by log dσ dλ R (t) = −t for all t ∈ R (remind that λ R is Lebesgue measure on R).
Then the map π : R → N [S] determined by π(t 1 )(y 1 , t) = (y 1 , t + t 1 ) is a Borel homomorphism with mod π(t 1 ) = t 1 for each t 1 ∈ R. Therefore we can assume that A5) U z = π(ρ(z, Q)) for a.e. z, i.e. Q 0 preserves µ. Now we can describe a structure of automorphisms compatible with α.
Proposition 4.10. For every automorphism θ ∈ D(Γ, α) there exist transformations τ ∈ [Γ] and ϑ ∈ D(Q, δ) such that τθ(z, y)
Proof. Choose φ ∈ α(θ) and set ζ = Ψ α (θ, φ). It is straightforward that W α = W δ (see A3)). Then by Theorem 4.1 there are ϑ ∈ D(Q, δ) and ψ ∈ δ(ϑ) with ζ = Ψ δ (ϑ, ψ). One can check that the formula
defines an α-compatible automorphism ξ with mod ξ = mod θ and Ψ α (θ, χ) = ζ for the function χ(z, y) = ψ(z) at all (z, y) ∈ X. We put η = θξ −1 . Then η is a µ-preserving, α-compatible automorphism, and Ψ α (η, υ) = id for some function υ ∈ α(η). We write η as η(z, y) = (A(z, y), B(z, y) ). Note that a.e. V α (Γ)-ergodic component is of the form: 
Proof. It is sufficient to prove the if part. Set p = p(θ i ). By Proposition 4.10 we can assume that θ i (z, y) = (ϑ i z, V i (z)y), where ϑ i ∈ D(θ, δ) and Z z → V i (z) are measurable fields of automorphisms from N [S] . It is easy to check that ϕ i (z, y) = ψ i (z) at a.e. (z, y) ∈ X for some functions ψ i ∈ δ(ϑ i ). Consequently,
, ψ i ) (see the remark just after Theorem 4.5). Hence one can define the extensionsα i of α on Γ θi with values in G × Z or G(g, p) when p = 0 or p > 0 respectively, where g = g(θ i , ϕ i ), i = 1, 2. It follows from the assumptions of the theorem that the actions associated with (Γ θi , (α i ) 0 ), i = 1, 2, are isomorphic. Hence (Γ θ1 , α 1 ) and (Γ θ2 , α 2 ) are weakly equivalent [BG3, Theorems 5.12 and 7.2] . To complete the proof, it remains to apply Lemma 3.2.
Note that any condition of Theorem 4.12: (p(θ 1 ) = p(θ 2 ), mod θ 1 = mod θ 2 , and (12)) does not follow from the other ones. By d w we denote a metric compatible with the weak topology on the set of all automorphisms of (X, µ) [HO] . (G) and mod θ = 0}.
Proof. We only consider the case of a continuous group G. Assume that there are a sequence {g n } ∞ n=1 of elements from G and an automorphism (G d ) is a countable ergodic a.f. group of automorphisms on (Ω, ν). Put (X 1 , µ 1 ) = (Ω×Y, ν ×λ). By Γ 1 we denote the group of automorphisms on (X 1 , µ 1 ) generated by S 1 and γ g , g ∈ G d :
at all x 1 ∈ X 1 for every g ∈ G d . It is easy to see that the actions W α1 and W α of G are isomorphic. Hence (Γ, α) and (Γ 1 , α 1 ) are weakly equivalent. Consider the automorphism ξ 1 on (X 1 , µ 1 ):
It is straightforward to check the following properties of ξ 1 : ξ 1 ∈ D(Γ 1 , α 1 ), mod ξ 1 = 0, and Φ α1 (ξ 1 ) = ξW α1 (G) . Moreover, one can check that {γ gn } ∞ n=1 α 1 -converges to ξ 1 as n → ∞. Therefore ξ 1 corresponds to an automorphism ξ ∈ Cl dα ([Γ]) so that mod ξ = 0 and Φ α (ξ) = ζW α (G) . Thus for the completion of the proof we need to establish that
Suppose that θ ∈ D(Γ, α), mod θ = 0, and there exists a function ϕ ∈ α(θ) with Ψ α (θ, ϕ) = id. By Proposition 4.10 one can assume that θ is of the following form: θ(z, y) = (z, V z y), where mod V z = 0 and p(V z ) = p(θ) for a.e. z. Choose the automorphisms t n ∈ [S] and η ∈ N [S] so that mod η = 0, p(η) = p(θ), t n U z = U z t n for all n ∈ N and a.e. z, and t n → η in the metric d [HO] as n → ∞. We put η 0 (z, y) = (z, ηy) for all (z, y) ∈ X. Then η 0 ∈ D(Γ, α). Theorem 4.12 implies that θ and η 0 are α-outer conjugate. Now define an automorphism γ n ∈ [Γ] by γ n (z, y) = (z, t n y) for all (z, y) ∈ X, n ∈ N. A routine calculation shows that {γ n } ∞ n=1 α-converges to η 0 . Since D(Γ, α) is a topological group, it follows that θ ∈ Cl dα ([Γ]), as desired. (G) and mod θ = 0}.
Corollary 4.14. If W α is w-rigid, then
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Remark 4.15. Theorems 4.12 and 4.13 are also true when Γ is of type II 1 . To prove this one must only consider a countable extension (Γ,α) of (Γ, α) and notice that if mod θ i = 0 under the conditions of Theorem 4.12, then there exists an automorphism ξ that α-outer conjugates θ 1 and θ 2 and whose mod ξ = 0.
4.3.
Using Theorem 4.13, we can describe the group of approximately inner automorphisms compatible with a transient cocycle (see also Proposition 4.7).
Theorem 4.16. Let Σ be an ergodic a.f. group of automorphisms on a Lebesgue space (Z, κ) and δ a transient cocycle of (Z, κ, Σ) with values in G. Then
Proof. Take an automorphism Q ∈ [Σ] with [Σ] = [Q]. Consider the pair (Γ, α)
determined by the quadruple (Z, κ, Q, δ) in such a way that A1)-A5) are valid (see 
13). Since π(R) ⊆ C(S) (see A4))
, it follows that θ commutes with S 0 . By µ 1 we denote a probability measure on X equivalent to µ. Since d(γ n , θ) → 0 as n → ∞, we have Proof. Note that S 0 γ(B) = γS 0 (B) (mod 0). Set ηx = γx for all x ∈ B. We continue the construction of η inductively. Let
B n (mod 0), then the above formula determines a well-defined automorphism η as desired. Otherwise we denote by B ∞ the set B \ ∞ n=1 B n . One can check that it is S 0 -invariant. Hence B ∞ = A × Y mod 0 for some subset A ⊆ Z, κ(A) > 0. Then we set ηx = S 0 x for all x ∈ B ∞ . Evidently, η is the desired automorphism.
Return to the proof of Theorem 4.16. Apply Lemma 4.17 to γ n , and denote by η n , n ∈ N, the automorphism whose existence is asserted in the lemma. It follows from (13) that η n → θ in d α as n → ∞. But since η 0 commutes with S 0 , we have
for a.e. (z, y) and an automorphism q n ∈ [Σ], where Z z → V n (z) is a measurable field of automorphisms from N [S] . One can check that q n → ϑ in d δ . So,
The inverse inclusion is obvious. Thus the theorem is proved completely.
4.4. Now we consider an ergodic type III a.f. group Γ of automorphisms on (X, µ) and its cocycle α such that the "double" cocycle α 0 = (α, ρ) is recurrent and nonregular, and W α0 is free. Then one can replace (Γ, α) by a weakly equivalent pair in such a way that the following five conditions are valid: A1), A2), A4) (see § 4.2), B3) α 0 is defined on the generators S 0 and Q 0 by α 0 (z, y, S 0 ) = 0 and α 0 (z, y, Q 0 ) = δ(z, Q),
We do not provide the proof of the next theorem, since it is a slightly modified version of Proposition 4.10 and Theorems 4.12, 4.13. 
for some automorphism ζ ∈ C(W α0 ) and for
Remark 4.19. Note that even if θ 1 and θ 2 are outer conjugate and Ψ α (θ 1 , ψ 1 ) = ξΨ α (θ 2 , ψ 2 )ξ −1 for some ψ i ∈ α(θ i ) and ξ ∈ C(W α ), then they need not be α-outer conjugate, i.e. (14) need not be valid-one can construct a pair (Γ, α) in such a way that Γ is of type III 1 , r(Γ, α) = G, W α0 is free, and the centralizer of W α0 contains nonconjugate elements [BG3, Example 7.4] .
Automorphisms compatible with nonregular cocycles.
Nonfree associated actions 5.0. Throughout this section we assume that Γ is a.f. and a cocycle α of the d.s. (X, µ, Γ) is such that α 0 is nonregular and W α0 is nonfree. All the other cases were considered before (for an a.f. group Γ). The stabilizer of W α0 is equal to r(Γ, α 0 ) (see § 1.2).
5.1.
In this subsection we assume Γ is of type II ∞ (if the contrary is not stated explicitly). Then there exists a closed subgroup H ⊂ G such that H = r(Γ, α). Replacing if necessary (Γ, α) by a weakly equivalent pair we assume that the following conditions are valid: A1), A2), A4), A5) (see § 4.2), and C3) α is determined on the generators of Γ by S) , β(y, y 1 , S 2 ) = 0,π(t) = id × π(t) for all (y, y 1 ) ∈Ỹ , t ∈ R. Denote byS an ergodic automorphism of (Ỹ ,λ) such that [S] is equal to the full group generated by S 1 and S 2 . Now identifyingỸ ,λ,S,β,π with Y , λ, S, β, π respectively we obtain a pair (Γ, α) satisfying the conditions A1), A2), C3), A5) and C6) π(t) ∈ D (S, β) and π(t) • β = β for all t ∈ R.
) is a regular cocycle with r(S, β) = H, and δ
where S and Q are ergodic automorphisms on (Y, λ) and (Z, κ) respectively and Z z → U z is a measurable field of automorphisms such that U z ∈ N [S] for a.e. z, D3) α is determined on the generators of Γ by (ii) Two α-compatible automorphisms θ 1 and θ 2 are α-outer conjugate if and only if p(θ 1 ) = p(θ 2 ), g(θ 1 , ϕ 1 ) = g(θ 2 , ϕ 2 ), and
for some functions ϕ i ∈ α(θ i ), i = 1, 2, and an automorphism ζ ∈ C(W α0 ).
Moreover, the statements (ii) and (iv) of Theorem 4.18 are also true for this pair (Γ, α). The main goal of this section is to prove the following statement announced in [Da2] : Theorem 6.2. α has property A iff one of the following conditions is satisfied (it depends on the type of Γ):
So, weakly equivalent classes of A-cocycles are in one-to-one correspondence with elements of G when Γ is of type III λ , 0 < λ < 1, and with the graphs of continuous homomorphisms from R into G when Γ is of type III 1 . Every A-cocycle is a coboundary for Γ of type II, and for type III 1 if, additionally, G is discrete. If Γ is of type III 0 , then W α0 (G × R) is a free action for every A-cocycle.
The if part of Theorem 6.2 is obvious for (i) and (ii) and directly follows from Proposition 4.10, Theorem 4.18(i) and [BG3] . In the next two subsections we produce the proof of the only if part which seems to be more difficult.
6.1.
First of all we consider the most important cases of regular and transient cocycles. 
) is regular and r(∆, β) is the smallest closed subgroup of G containing M.
This lemma is a slightly modified version of Theorem 3.2 from [BG3] and can be proved in a similar way. Proof. Let M be a countable dense subset of r(Γ, α) and p = 2. Apply Lemma 6.2. Since the group r(Γ, α) = r(∆, β) is a complete invariant of the stably weak equivalence for regular cocycles, we can identify (Γ, α) with (∆, β). Consider an automorphism θ ∈ N [∆] given by (θy) j = y j + 1 (mod p). Since θ is compatible with α, there exists a function ϕ : X → G such that
for all k ∈ N at a.e. y ∈ Y . Hence (−1)
e. 2α is a coboundary. It follows then 2r(Γ, α) ⊆ r(Γ, 2α) = {0}. Thus, r(Γ, α) is a periodic group and every nonzero element of r(Γ, α) has the order 2. Now let p = 3. Reasoning similarly, we obtain that the cocycle of ∆ given by
is a coboundary. It is easy to deduce from this that 3r(Γ, α) = {0}. Hence, r(Γ, α) = {0}, i.e. α is a coboundary. 
Choose the corresponding sequences of functions ϕ 
we can identify two groups D(T, α)/[T ] and C(T )/{T
n } n and then apply Proposition 6.5.
The authors do not know any other method to prove the above very natural statement. 
, ∆ the same group as in Lemma 6.3, and β the cocycle of (Y, ν, ∆) given by β(y, δ k ) = (−1) y k g k for all y ∈ Y , k ∈ N. Then β 0 is regular and r(∆, β 0 ) = r(Γ, α 0 ) [BG3, Theorem 3.2] . If there are two elements g 1 , g 2 ∈ G such that (g 1 , 0) and (g 2 , 0) ∈ H 0 , then there exist two sequences {k i } i , {m i } i of positive integers such that α(y, δ ki ) = (−1)
We see that the transformation θ preserves ν.
. The pairs (Γ, α) and (∆, β) are weakly equivalent [BG3] and therefore θ is compatible with β. So, there is a measurable function ϕ : Y → G such that the following conditions are satisfied:
Consider the cocycle
Then β 0 is regular and (g 1 −g 2 , 0) ∈ r(∆, β 0 ). According to (16) β 0 is a coboundary and therefore g 1 = g 2 .
6.2.
In this section the last part of Theorem 6.2 will be handled. To this end we need to generalize some results of the previous section on nonergodic d.s. Let S 0 be a nonergodic conservative aperiodic automorphism on (X, µ) and µ(X) = 1. We can assume that (X, µ) = (Z, κ) × (Y, ν) and S 0 (z, y) = (z, S z y) for a measurable field Z z → S z of ergodic automorphisms on (Y, ν) [HO] . Without loss of generality we may suppose that S z is not of type II 1 for all z ∈ Z. Denote by P the following equivalence relation on X : (z 1 , y 1 ) ∼ (z 2 , y 2 ) if z 1 = z 2 . Let Aut P (X, µ) be the group of all automorphisms on (X, µ) which preserve a.e. P-class fixed (mod 0). Set N P [S 0 The next statement follows from Theorem 2.4.
Proof. By virtue of Propositions 6.13 and 6.14 we can assume that α is nontransient and nonregular. Then one can establish the following decomposition of (X, µ, S 0 , α) (as in [BG3] for an ergodic S 0 ): A1) (Y, ν) = (Y 1 , ν 1 ) × (Y 2 , ν 2 ); A2) S 0 is orbit equivalent to the automorphism group generated by S 10 and S 20 :
S 10 (z, y 1 , y 2 ) =(z, y 1 , T y 2 ), S 20 (z, y 1 , y 2 ) =(z, S
z y 1 , U z,y1 y 2 ), where T is an ergodic type II ∞ transformation of (Y 2 , ν 2 ), Z × Y 1 → U z,y1 is a measurable field of automorphisms from N [T ], and Z z → S where π : R → N [Γ] is a continuous homomorphism such that mod π(t) = −t for all t ∈ R. Therefore, if H = {0} then D P (S, δ) = N P [S] and by Proposition 6.14 δ is a coboundary. If H = {0}, consider the factor-cocycle α H given by α H (x, S 0 ) = α(x, S 0 )+H. By the above arguments α H is a coboundary. It follows α is H-regular. Hence, by Proposition 6.13 α is a coboundary.
Note that Theorem 6.15 generalizes Theorem 6.2(i), where only ergodic transformations have been considered. Similarly, the following statement which we formulate here without proof is a generalization of Theorem 6.2(ii). License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
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The proof of this statement is routine and therefore we omit it here (see its close analogue in [BG1, Lemma 3.9] ). The following proposition we also formulate without proof since it is an analogue of Lemma 6.9 (see also the proof of Theorem 6.2(i), (ii)). (S 0 , ρ) , then α is a coboundary. Proof of Theorem 6.2(iii). Since Γ is of type III 0 , we can suppose that Γ is orbitally equivalent to the automorphisms group generated by an aperiodic conservative transformation S 0 of type II ∞ and an automorphism Q 0 ∈ N [S 0 ] such that the function f (z) = ρ(z, Q) + mod U z > at a.e. z for some > 0 [Kr] , [HO] . Consider the restriction α of α on [S 0 ] and apply Proposition 6.18. Then α is a coboundary. Hence, replacing α by a S 0 -cohomologous cocycle we obtain α(x, S 0 ) = 0. Moreover, α(z, y, Q 0 ) = a(z) at a.e. Note, that both conditions in Theorem 6.2(iii) are independent.
